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Abstract 



. In iQ, Van Daele introduced the notion of an algebraic quantum group. We proved in Q and that 

' such algebraic quantum groups give rise to C*-algebraic quantum groups according to Masuda, Nakagami 



& Woronowicz. In this paper, we will pull down the analytic structure of these C*-algebraic quantum 
groups to the algebraic quantum group. 



Ch ■ Introduction 

a 

Van Daclc introduced the notion of an algebraic quantum group in ||lj]. It is essentially a Multiplier 
Hopf-*- algebra with a non-zero left invariant functional on it. He proved that these algebaic quantum 
' groups form a well-behaved category : 

• The left and right invariant functionals are unique up to a scalar. 

• The left and right invariant functionals are faithful. 

• Each algebraic quantum group gives rise to a dual algebraic quantum group. 

• The dual of the dual is isomorphic to the original algebraic quantum group. 

This category of algebraic quantum groups contains the compact and discrete quantum groups. It is also 
closed under the double construction of Drinfel'd so it contains also non-compact non-discrete quantum 
groups. Most of the groups and quantum groups will however not belong to this category. 
It is nevertheless worth while to study these algebraic quantum groups : 

• The category contains interesting examples. 

• The theoretical framework is not technically complicated. In a sense, you have only to worry about 
essential quantum group problems. Not over C*-algebraic complications. 
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At the moment, Masuda, Nakagami & Woronowicz are working on a possible definition of a C*-algebraic 
quantum group. To get an idea of this definition, we refer to |]l0|] . You can also get a flavour of it in jH 
and j^. This definition is technically rather involved and C*-algebraic quantum groups in this scheme 
have a rich analytical sructure. 

We proved in Q and that an algebraic quantum group with a positive left invariant functional gives 
rise to such C*-algebraic quantum groups. In this paper, we will pull down this analytic structure to the 
algebra level. It shows that such algebraic quantum groups are truely algebraic versions of C*-algebraic 
quantum groups according to Masuda, Nakagami & Woronowicz. 

In the first section, we give an overview of the theory of algebraic quantum groups as can be found in Jlif . 
The second and third section are essentially only intended to assure that an obvious theory of analytic 
one-parameter groups works fine on this algebra level. 

The most important results can be found in section 4 where we prove that the analytic objects of the 
C*-algebraic quantum groups are of an algebraic nature. 

In the last section, we connect the analytic objects of the dual to the analytic objects of the original 
algebraic quantum group. 

We end this section with some conventions and notations. 

Every algebra in this paper is an associative algebra over the complex numbers (not necessarily unital) . 
A homomorphism between algebras is by definition a linear multiplicative mapping. A *-homomorphism 
between *-algebras is a homomorphism which preserves the *-operation. 

If y is a vector space, then L{V) denotes the set of linear mappings from V into V. 

If V, W are two vector spaces, V Q W denotes the algebraic tensor product. The fiip from V Q W to 

W QV will be denoted by x- 

We will also use the symbol to denote the algebraic tensor product of two linear mappings. 

We will always use the minimal tensor product between two C*-algebras and we will use the symbol ® 
for it. This symbol will also be used to denote the completed tensor product of two mappings which are 
sufficiently continuous. 

If z is a complex number, then S{z) will denote the following horizontal strip in the complex plane : 
S{z) ^{yeC\ Imy £ [0,lmz] }. 



1 Algebraic quantum groups 

In this first section, we will introduce the notion of an algebraic quantum group as can be found in [jlil . 
Moreover, we will give an overview of the properties of this algebraic quantum group. The proofs of these 
results can be found in the same paper [ p^ . We will first introduce some terminology. 

We call a *-algebra A non-degenerate if and only if we have for every a E A that : 

{\/b e A: ab = 0) ^ a = and {^b e A : ba = 0) ^ a = 0. 

For a non-degenerate *-algebra A, you can define the multiplier algebra M{A). This is a unital *-algebra 
in which A sits as a selfadjoint ideal (the definition of this multiplier algebra is the same as in the case 
of C*-algebras). 

If you have two non-degenerate *-algebras A, B and a multiplicative linear mapping tt from A to M{B), 
we call TT non-degenerate if and only if the vector spaces Tr{A)B and BTr{A) are equal to B. Such a non- 
degenerate multiplicative linear map has a unique multiplicative linear extension to M(A). This extension 
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will be denoted by the same symbol as the original mapping. Of course, we have similar definitions and 
results for antimultiplicative mappings. If we work in an algebraic setting, we will always use this form 
of non-degeneracy as opposed to the non degeneracy of *-homomorphisms between C*-algebras! 

For a linear functional w on a non-degenerate *-algebra A and any a e M{A) we define the linear 
functionals uja and auj on A such that (aa;)(x) — uj(xa) and {Lua){x) — Lu{ax) for every x E A. 

You can find some more information about non-degenerate algebras in the appendix of ]l7t . 

Let a; be a linear functional on a *-algebra A, then : 

1. uj is called positive if and only if Lu{a*a) is positive for every a E A. 

2. If uj is positive, then lu is called faithful if and only if for every a G A, we have that 

U!{a*a) = => a = 0. 

Consider a positive linear functional a; on a *-algebra A. Let H he a Hilbert-space and A a linear mapping 
from A into H such that 

• A{A) is dense in H. 

• We have for aU a,b e A that Lu{a*a) = (A(a), A(6)). 
Then we call {H, A) a GNS-pair for lu. 

Such a GNS-pair always exist and it is unique up to a unitary. 

We have now gathered the necessary information to understand the following definition 

Definition 1.1 Consider a non- degenerate *-algebra A and a non- degenerate * -homomorphism A from 
A into M {A A) such that 

1. (A0t)A = (i0 A)A. 

2. The linear mappings Ti, T2 from Aq A into Ad [A A) such that 

Ti{a®h)^ l\{a){b®\) and T2(a 5) = A(a)(l 6) 

for all a,b £ A, are bijections from Aq A to Aq A. 
Then we call (A, A) a Multiplier Hopf* -algebra. 

In A. Van Daele proves the existence of a unique non-zero * -homomorphism e from AtoC such that 

(e0t)A = (i0e)A = l . 

Furthermore, he proves the existence of a unique anti-automorphism S" on ^ such that 

to(S' t)(A(a)(l 6)) e(a)6 and m(i S')((5 l)A(a)) = e(a)6 

for every a,b £ A (here, m denotes the multiplication map from A Q A to A). As usual, e is called the 
counit and S the antipode of {A, A). Moreover, S{S{a*)*) = a for aU a e A. Also, x{S S)A = AS. 

Let be a linear functional on ^ an a an element in A. We define the element (w 1) A(a) in M{A) such 
that 
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• {luQ b={u;Q L){A{a){l (g) bj) 



• b {ujQ L){A{a)) = i)((l ® 6)A(a)) 
for every b E A. 

In a similar way, the multiplier (t © a-')A(a) is defined. 

Let w be a linear functional on A. We call u; left invariant (with respect to A)), if and only if 
(i w)A(a) = w(a) 1 for every a (z A. Right invariance is defined in a similar way. 

Definition 1.2 Consider a Multiplier Hopf* -algebra A) such that there exists a non-zero positive 
linear functional if on A which is left invariant. Then we call (A, A) an algebraic quantum group. 

For the rest of this paper, we will fix an algebraic quantum group {A, A) together with a non-zero left 
invariant positive linear functional </? on it. 

An important feature of such an algebraic quantum group is the faithfulness and uniqueness of left 
invariant functionals : 

1. Consider a left invariant linear functional lo on A, then there exists a unique element c G C such 
that Lu ^ cip. 

2. Consider a non-zero left invariant linear functional uj on A, then lo is faithful. 
In particular, tp is faithful. 

A first application of this uniqueness result concerns the antipode : Because LpS'^ is left invariant, there 
exists a unique complex number fi such that tpS'^ — fxip (in p^ , our fi is denoted by r!). It is not so 
difficult to prove in an algebraic way that = 1. The question remains open if there exists an example 
of an algebraic quantum group (in our sense) with fi ^ 1. 

We define the linear functional V' = f'S. It is clear that ■0 is a non-zero right invariant linear functional 
on A. However, in general, ?/' will not be positive. In jS), we use the C*-algebra approach to prove the 
existence of a non-zero positive right invariant linear functional on A. 

Of course, we have similar faithfulness and uniqueness results about right invariant linear functionals. 
In this paper, we will need frequently the following formula : 

(i (^)( (1 a)A{b) ) = 5( (t </?)(A(a)(l b)) ) (1) 

for all a, 6 e A. A proof of this result can be found in proposition 3.11 of [Q. It is in fact nothing else 
but an algebraic form of the strong left invariance in the definition of Masuda, Nakagami & Woronowicz. 

Another non-trivial property about ip is the existence of a unique automorphism p on A such that 
(p{ab) — ip{bp{a)) for every a,b £ A. We call this the weak KMS-property of ip (In ||lj], our mapping p is 
denoted by a\). 

This weak KMS-property is crucial to extend (/? to a weight on the C*-algebra level. We have moreover 
that p{p{a*)*) = a for every a E A. 

As usual, there exists a similar object p' for the right invariant functional ?/;, i.e. p' is an automorphism 
on A such that ilj{ab) = ip{bp'{a)) for every a,b £ A. 

Using the antipode, we can connect p and p' via the formula Sp' = pS. Furthermore, we have that S*^ 
commutes with p and p' . The interplay between p,p' and A is given by the following formulas : 

Ap=(S'2 0p)A and Ap' ^ {p' (D S-^)A. 
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It is also possible to introduce the modular function of our algebraic quantum group. This is an invertible 
element 6 in M{A) such that 

{if i)(A(a)(l ® b)) = ip{a)6b 

for every a, 6 G A. 

Concerning the right invariant functional, wc have that 

(t0 7/;)(A(a)(6® 1)) = V(a) 

for every a,b G A. 

This modular function is, like in the classical group case, a one dimensional (generally unbounded) 
corepresentation of our algebraic quantum group : 

A{5) = 5qS £iS) = l S{5) = S-\ 

As in the classical case, we can relate the left invariant functional to our right invariant functional via 
the modular function : we have for every a E A that 

(p{S{a)) = (p{ad) = ^j,ip{Sa). 

If we apply this equality two times and use the fact that S{S) — 6~^, we get that (^(5^(a)) = Lp{6^^aS) 
for every a £ A. 

Not surprisingly, we have also that p{5) ~ p' {5) ~ p,^^5. 

Another connection between p and p' is given by the equality p'{a) — 6p{a)6^^ for all a £ A. 

We have also a property which says, loosely speaking, that every element of A has compact support (see 
e.g. for a proof) : 

Consider ai,...,a„ G A. Then there exists an element c in A such that cui = aiC — ai for every 
«£{!,.. .,n}. 

In a last part, we are going to say something about duality. 
We define the subspace A of A' as follows : 

A = {ipa \ a e A} = {atp \ a e A}. 

Like in the theory of Hopf *-algebras, we turn A into a non-degenerate *-algebra : 

1. For every wi,W2 G A and a £ A, we have that (a;iaj2)(a) = ("^i 0'^2)(A(a)). 

2. For every lo £ A and a G A, we have that Ld*{a) — uj{S{a)*). 

We should remark that a little bit of care has to be taken by defining the product and the *-operation in 
this way. 

In [P, we proved that M{A) can be implemented as a subspace of A' (theorem 2.12 and proposition 7.4) 
Proposition 1.3 As a vector space, M{A) is equal to 

{9 e A' \ We have for every a e A that [9 t) A(a) and (i 6')A(a) belong to A} . 
The multiplication and * operation on M{A) are defined in the following way. 

1. We have for every 9i,92 G M{A) and a e A that {9i92){a) = 9i{{LQ92)A{a)) = 92{{9i Q i)A{a)). 
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2. We have for every 9 G M{A) and ae A that 0*{a) = 9{S{a)*). 
Furthermore, e is the unit of M{A). 

This imphes also that M{A A) can be viewed as a subspace of {A Q A)' . Then we can use this 
implementation of M(A A) to define a comultiplication A on ^ such that A(a;)(a; y) = oj{xy) for 
every lu € A and x,y A. 

A definition of the comultiplication A without the use of such an embedding can be found in definition 
4.4 of Q. 

In this way, {A, A) becomes a Multiplier Hopf *-algebra. The counit i and the antipode S are such that 

1. We have for every uj G A' and a G A that e{uja) ~ i{auj) = Lo{a). 

2. We have for every uj e M{A) and a e A that S{uj){a) = Lj{S{a)). 

For any a G A, we define a = atp G A. The mapping A ~> A : a a is a bijection, which is in fact 
nothing else but the Fourier transform. 

Next, we define the linear functional ip on A such that ip{a) — e{a) for every a E A. It is possible to 
prove that ip is right invariant. 

We have also that ^{a*d) — ip{a*a) for every a G A. This implies that ^ is a. non-zero positive right 
invariant linear functional on A. 

We will also define a linear functional ip on A such that (p{ipa) = e{a) for a £ A. Then is a non-zero 
left invariant functional on A. It is not clear wether if> is positive. 

From theorem 9.9 of [^, we know that {A, A) possesses a non-zero positive right invariant linear functional. 
In a similar way, this functional will give rise to a non-zero positive left invariant linear functional on A. 
This will imply that {A, A) is again an algebraic quantum group. 



2 Analytic one- parameter groups 

In this section, we introduce the notion of analytic one-parameter groups on an algebraic quantum 
group. It is an obvious variant of the well-known concept of one-parameter groups on a C*-algebra. As 
a consequence, the proofs in this section are essentially the same as in the C*-algebra case. 

These analytic one-parameter groups will be essential in a later section in order to describe the polar 
decomposition of the antipode and the modular properties of the Haar functional on the *-algebra level. 

We will fix an algebraic quantum group (A, A) with a positive left invariant functional on it. Let {H, A) 
be a GNS-pair of 

Let us start of with the definition of an analytic one-parameter group on [A, A). 

Definition 2.1 Consider a function a fromC into the set of homomorphisms from A into A such that 
the following properties hold : 

1. We have for every < G R that at is a * -automorphism on A. 

2. We have for every s,< G R that a^+t ~ ctsttt- 

3. We have for every t G R that at is relatively invariant under Lp 
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4- Consider a G A and w € A. Then the function C ^ C : 2 h-» u)[az{a)) is analytic. 
Then we call a an analytic one-parameter group on {A, A) . 

Except for the last proposition in this section, we will fix an analytic one-parameter group a on (^4, A). 
We will prove the basic properties of a. 

Result 2.2 Consider z €C. Then a^ia)* = a^(a*) for a G A. 
Proof : Choose a € A. 

Take b G A. Then we have two analytic functions 

C : u (f{au{a*)b*) and C -> C : u (yj(6a„(a)) 

These functions are equal on the real axis : we have for alH e R that 

(p{aj{a*) b*) = ip{at{a*) b*) = ip{bat{a)) 
So they must be equal on the whole complex plane. 

We have in particular that <^(aj(a*) b*) = (fi{baz{a)) which implies that (^(6aj(a*)*) = (fi{baz{a)). 

So the faithfulness of implies that aj{a*)* = az{a). ■ 

In the next result, we extend the group character of a to the whole complex plane. 
Result 2.3 Consider y,z gC Then Uy+z = cnyaz- 

Proof : Choose a € A. 

Take b G A. Fix s G IR for the moment. Then there exists by assumption a strictly positive number M 
such that ipas = M ip. We have two analytic functions : 

G : M ^p{a-s{b)au{a)) and C — >C : u 1— > (^(6as+u(a)) 

These functions arc equal 011 the real axis : we have for alH G IR that 

M ifi{a-s(b)at{a)) = ip{as{a-s{b)at{a))) = ^p{bas{at{a))) = ip{bas+t{a)) 

So these two functions must be equal on the whole complex plane. 

In particular, M ip{a-s{b)az{a)) = i^{bas+z{0'))- Therefore, we get that 

^{bas+z{a)) = M ip{a-s{b)az{a)) = (p{as{a-s{b)az{a))) = ip{bas{az{a))) {*) 

Now we have again two analytic functions : 

C : u ip{bau{az{a))) and C — > C : u (p(6a„+2(a)) 

which by (*) are equal on the real axis. So they must be equal on the whole complex plane. 
Hence we get in particular that ip{bay+zia)) = (p(bay{az{o,))) . 

Therefore the faithfulness of (p implies that ay+z{a) = cty{ctz{a))- ■ 
Corollary 2.4 Consider z G<C. Then cxz is an automorphism on A and (a^)~^ = Q_^. 
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Wc want to use a to define a positive injective operator in the GNS-space H of ip. In order to do so, we 
will need the following results. 

Result 2.5 There exists a unique strictly positive number A such that i^at = X*" for t e M. 

Proof : By assumption, there exists for every f G R a strictly positive element At such that ipat = Xt ^p. 
It is then clear that Aq = 1 and that As At = Ag+t for every s, f G R. 

Now there exist a, 6 G A such that (^(6a) ^ 0. 

We have that the function R ^ C : t ^ iy3(a_t(6) a) is continuous and non-zero in 0. Hence there exist a 
strictly positive number to such that </p(a_((6) a) 7^ for t e [—to, t^]. 

Now we have for every t G [—to, to] that (p{bat{a)) = (p{at{a^t{b) a)) = At (p{a^i{b) a) which implies that 
A( = ij(a "'(b) a) • ^'-^^ ^^^^ function [—to, to] : t At is continuous. 

Therefore the function R Rg : 1 1-^- At is continuous. 

We get from this all the existence of a strictly positive number A such that A* = At for t e R. So 
at = A* y for t e R. ■ 

The above quality can now be generalized to the whole complex plane. 
Result 2.6 We have that ipaz = \^ p> for every 2: G C. 

Proof : Choose a,h & A. Then we have two analytic functions 

C ^ C : M A" ip{a a-u (6)) and C ^ C : u t-> <^(a„(a) 6) 

These functions are equal on the real line : we have for all t G R that 

\* ip(aa-t{b)) = ip{at{aa-t{b))) = ip{at{a)b) 
So they must be equal on the whole complex plane. 

We have in particular that (p{az{a) b) = A^ ip{aa^z{b)), hence p)(az{a a-zib))) = A^ (fi{aa-z{b)). 
Because A = Aa-z{A), we infer from this that (paz = (p- ■ 

Now we can define a natural positive injective operator in H. 

Definition 2.7 There exists a unique injective positive operator P in H such that 
P'*A{a) = A-5 A{at{a)) for a e A and t G R. 

Proof : We can define a unitary group representation u from Hon H such that Ut A(a) = A^^ A{at{a)) 
for every t G R and a G A. 

Choose a,b £ A. Then we have for every t G R that 

{utA{a),A{b)) = X-i (A(at(a)), A(6) = A"* <p(6*at(a)) 

This implies that the function R — » C : {ut A(a), A(&)) is continuous. Because u is bounded and A(^) is 

dense in H, we conclude that the function R ^ C : {utv, w) is continuous for every v,w € H. 

So we see that u is weakly and hence strongly continuous. 

By the Stone theorem, there exists a unique injective positive operator P in H such that P** = Ut for 
every t G R. ■ 

We want to show that every P*^ is defined on A(A) and that the formula in the above definition has its 
obvious generalization to P*^ . First we will need a lemma for this. 
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Lemma 2.8 Consider a E A. Then the function C C : z t-^ X ^''^ tp{az{a)*Oiz{a)) is bounded on 
horizontal strips. 

Proof : Take r G R. We will prove that the function above is bounded on the horizontal strip S{ri). 
We have for every t e R that 

ip{au{a)*ati{a)) = ip{a^u{a*)ati{a)) = X^^'^ (p{a*a2ti{a)) 

which implies that the function IR R'*' : 1 1-^ (p{ati{a)* au{a)) is continuous. 
So there exists M g R^ such that ip{ati{a)* au{a)) < M for t £ [0, r]. 
Hence we get for every z G C that 

X^^"^ ip{az{a)*az{a)) = X^^""" ip(aB.cz{aimzia))*a-R.cz{aimz{a))) = V'("im^(a)*aim2(a)) < M 



Result 2.9 Consider z e€. Then A{A) C D{P'^) and P^^A{a) = A^t A{az{a)) for a e A. 

Proof : Take v £ H and define the function / from C into C such that f{u) — (A^t A{au{a)),v) for 

M eC. 

Define also for every b £ A the function fb : C ^ C such that /b(u) = (A~^ A{au{a)), A{b)) for u £(D. 
Then fb{u) = X~^ (p{b*au{a)) for u G C which implies that fb is analytic. 

Choose y £<C and consider the open unit bal B in C around y. 

By the previous lemma, we get the existence of a positive number M such that A"^''" (p{au{a)* au{a)) < 
AP for u £ B. This implies easily that ||A^^ A(a„(a))|| < M for u£ B. 

Now there exists a sequence (^n)^! in A such that (A(6„))J5^j^ converges to v. We have for every u £ B 
and n e IN that 

\f{u) - fb,Su)\ = |(A-t A(a„(a)), A(&„)) - (A't AK(a)),t.)| < M ||A(6„) - v\\ 

This implies that (/6„)^i converges uniformly to / on B, so / is analytic on B. This implies that / is 
analytic in y. 

So we see that / is analytic on C. It is also clear that f{t) = {P^*A{a),v) for t £ R. 

This implies that A(a) £ D{P''=) and that P'^A(a) = A"tA(a^(a)). ■ 
Result 2.10 Consider z £(C. Then A{A) is a core for P*^. 

This follows from the fact that A{A) is dense in H and that P'*A(yl) C A(^) for t e R (see e.g. corollary 
1.22 of @). 

In the last proposition of this section, we prove that analytic one-parameter groups are determined by 
their value in i. 

Proposition 2.11 Consider analytic one-parameter groups a, (3 on (^, A). If ai — (3i, then a — (3. 
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Proof : It is clear that also a_i = 

Now there exist strictly positive numbers A and /i such that ip at = X'' (p and ip Pt — 1^'' V for t e IR. 
Then there exist also positive injective operators P and Q in H such that P'*A(a) = A~2 A(at(a)) and 

Q"A(a) = /^-i A(/3t(a)) for t G R and a G A. 

We know that A.{A) is a core for both P and Q. Wc have moreover for every a <E A that 
/i* PA(a) = Xi A{a-i{a)) = X^ K{l3-i{a)) = A* QA(a) 

i 

So we get that fii P = Xi Q. It is clear that ^ is a positive number. Because is also has modulus 1, it 

A2 

must be equal to 1. So P = Q. 

Hence we get for every a € A and z G C that X~'^ A{az{a)) = A{(3z{<i)) which by the faitfulness of (p 
implies that X~i a^ia) = iJ,~^l3z{a). 

Now wc see that = (32, so we get that ^ a2 is multiplicative. Because also a2 is multiplicative, this 
implies that x = 1- Hence a = (3. ■ 



3 Analytic unitary representations 

This section contains the same basic ideas as the previous one. We only apply them in a different 
situation. We will use the results in this section to introduce complex powers of the modular function of 
an algebraic quantum group in the next section. 

We will again fix an algebraic quantum group (A, A) with a positive left Haar functional ip on it. Let 
{H, A) be a GNS-pair for 

Let us start of with a definition. 

Definition 3.1 Consider a function u fromC into M{A) such that the following properties hold : 

1. We have for every f G IR that Ut is unitary in M{A). 

2. We have for every s, f G R that Us+t = UgUt- 

3. Consider uj G A. Then the function^ ^ C : z hh- u){uz{a)) is analytic. 
Then we call u an analytic unitary representation on A. 

Except for the last result of this section, we will fix an analytic one-parameter representation u on A. 
We will prove the basic properties of u. 

Result 3.2 We have that = U-j for every z gG. 

Proof : Take a € A. Then we have two analytic functions 

C — > C : y I— > <y9('(i_-jj a*) and C <C : y i-^ ip{a Uy) 

These two functions are equal on the real line : we have for all t G R that 

'p{u_j a*) = (p{u-t a*) = ip{a u*_^) = ip{a ut) 

for all t G R. So they must be equal on the whole complex plane. We have in particular that (p(u_ja*) = 
(p{auz) which implies that (p{auz) = (p{au*_-). 

So the faithfulness of if implies that u^- = u^. ■ 
Now we extend the group character of u to the whole complex plane. 
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Result 3.3 Consider y,z €<C. Then Uy+z =UyUz- 
Proof : Choose a G A. 

Fix s e R for the moment. We have two analytic functions : 

C — >C : c H- > (^((aws) Uc) and C — > C : c i— > (^(a Us+c) 

which are equal on the real axis. So they must be equal on the whole complex plane. In particular, 
(fi{aUsUz) = (fi{aus+z)- {*) 

Now we have again two analytic functions : 

C ^ C : c I— > (p[a Uc Uz) and C — > C : c h^- ip{a Uc+z) 

which by (*) are equal on the real axis. So they must be equal on the whole complex plane. 
Hence we get in particular that ip{auyjf.z) = <p{aUyUz)- 

Therefore the faithfulness of <^ implies that Uy+z = UyUz- ■ 
Corollary 3.4 Consider 2: gC. Then Uz is invertible in M{A) and {uz)~^ = U-z- 
We next use u to define a positive injective operator in the GNS-space H of if. 

Definition 3.5 There exists a unique injective positive operator P in H such that P**A(a) = A{ut a) for 
ae A and i e R. 

Proof : We can define a unitary group representation v from IR on iJ such that Vt A(a) = A{ut a) for 
every t e IR and a & A. 

Choose a,b & A. Then we have for every t e IR that 

{vtA{a),A{b)) = {A{uta),A{b))=^{b*uta) 

This implies that the function H ^ C : {vt A(a), A(6)) is continuous. Because v is bounded and A{A) is 
dense in H, we conclude that the function IR ^ C : (wj u, w) is continuous for every v,w G H. 
So we see that u is weakly and hence strongly continuous. 

By the Stone theorem, there exists a unique injective positive operator P in H such that P** = Ut for 
every t € IR. ■ 

We want to show that every P" is defined on A(^) and that the formula in the above definition has its 
obvious generalization to P". First we will need a lemma for this. 

Lemma 3.6 Consider a G A. Then function <C — > C : 2; 1— > ip{{uz a)* {uz a)) is bounded on horizontal 
strips. 

Proof : Take r G R. We will prove that the function above is bounded on the horizontal strip S{ri). 
We have for every f s R that 

'p{{uti a)*{uti a)) = (p{a*uti uu a) = (p{a*U2u a) 

which implies that the function R — > R"*" : 1 1-^ f{{uti a)*{uti a)) is continuous. 
So there exists M e R"*" such that (p{{uu a)*{uu a)) < M for i G [0, r]. 
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Hence we get for every z G C that 



Result 3.7 Consider z e C. Then A{A) C ^(F'^) and F*^A(a) A(u2 a) for a £ A. 

Proof : Take v E H and define the function / from C mto C such that /(c) = (A(uc a), v) for c G C. 
Define also for every b E A the function : C ^ C such that fb{c) = (A(mc a), A(6)) for c G C. 
Then /b(c) = ip{b*Uc a) for c G C which imphes that fb is analytic. 

Choose y G C and consider the open unit bal _B in C around y. 

By the previous lemma, we get the existence of a positive number M such that (p{{uc a)* {uca}) < 
for c E B. This implies easily that ||A(Mca)|| < M for c E B 

Now there exists a sequence {bn)'^^i in A such that (A(fe„));5^]^ converges to w. We have for every c E B 
and n G IN that 

-/b„(c)| = |(AKa),A(6„)) - {Huca),v)\ < M \\A{bn) - v\\ 

This implies that (/f,„)^i converges uniformly to / on B, so / is analytic on B. This implies that / is 
analytic in y. 

So we see that / is analytic on C. It is also clear that f{t) = (P**A(a), for t E R. 

This implies that A(a) G D{P''^) and that P'^A(a) = A{uz a). U 
Result 3.8 Consider z G C. Then A{A) is a core for P'"". 

This follows from the fact that A(^) is dense in H and that P'*A(yl) C A{A) for t G R (see e.g. corollary 
1.22 of §). 

In the last proposition of this section, we prove that analytic unitary representations are determined by 
their value in i. 

Result 3.9 Consider analytic unitary representations u,v on A. If Ui = Vi, then u ~ v. 
Proof : It is clear that also U-i = V-i. 

Now there exist also positive injective operators P and Q in H such that P'* A(a) = A{ut a) and (5**A(a) = 
A{vt a) for t G R and a E A. 

We know that A{A) is a core for both P and Q. We have moreover for every a E A that 

PA(a) = A(u_, a) = A(w„, (a)) = QA{a) 

So we get that P — Q. Hence we get for every a E A and z G C that A{uz a) = A{vz a) which by the 
faitfulness of tp implies that Uz a — Vz a. ■ 
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4 The analytic structure of an algebraic quantum group 



In II and g, we proved that every algebraic quantum group gives rise to a reduced and universal 
C*-algebraic quantum group in the sense of Masuda, Nakagami and Woronowicz. These C*-algebraic 
quantum groups have a very rich (complicated?) analytic structure. We show in this section that this 
analytic structure can be completely pulled down to the algebraic level. 

Consider an algebraic quantum group {A, A) and let (p he a, positive left Haar functional of {A, A). Let 
(H, A) be a GNS-pair for ip. 

In Q, we constructed a universal C*-algebraic quantum group (A^, A^) out of {A, A). 

We denote the canonical embedding of A into Au by 7r„. So tTu is an injective *-homomorphism into A„ 

such that TTuiA) is dense in A^- We have also for every a G A and x G Aq A that 

Au{TTuia)) {tTu Q Tru)ix) = (tt^ 7r„)(A(a) x) and (tt^ 7r„)(a::) A„(7r„(a)) = (tt^ 7r„)(2: A(a)) 

As a rule, we will give objects associated with Au a subscript 'u'. So the left Haar weight on A„) 
will be denoted by (p„ and its modular group by cr„. 

The scaling group of {A^, A^) will be denoted by t„, the anti-unitary antipode by 
The modular group of the right Haar weight ipu Ru will be denoted by a'^- 

We will also need the co-unit on the universal C*-algebraic quantum group (yltj,A„). Recall that we 
have a co-unit e on the algebraic quantum group (A, A). This gives rise to a non-zero *-homomorphism 
Eu from Au into C such that e„ 7r„ = e. Then we have that (e„ i)^u = (i £u)^u — 
The usefulness of the antipode is the only reason to prefer the universal C*-algebraic quantum group 
over the reduced one in this section. 

In §, we constructed a reduced C*-algebraic quantum group {Ar, A^) out of {A, A). 

We denote the canonical embedding of A into A^ by iir- So tt^ is an injective *-homomorphism into A^ 

such that i:r{A) is dense in Ar- 

Objects associated to (A^jAr) will get the subscript 'r'. So will we denote the left Haar weight on 
{Ar, Ar) by Lpr and its modular group ar- 

By the universality of A^, there exists a unique *-homomorphism tt from A^ into Ar such that 7r7r„ = tt^. 
This mapping tt connects al objects of A^ and Ar. So have we for instance that ipr tt = ipu and tt {au)t = 
{(Jr)t TT for i e R. 



The first object that we will pull down to the algebra level is the modular function 5u of the C*-algebraic 
quantum group. So (5„ is a strictly positive element affiliated with Au- The main result to pull down (5„ 
to the algebra level is already proven in proposition 8.12 of j|] and proposition 12.11 of 1^. 

By proposition 12.11 of 0, we get for every a G A and z e C that 7r„(a) belongs to D{5u) and that 
5u TTu (a) belongs again to 7r„(A). We will use this fact to define any complex power of 5 on the algebra 
level. The definition that we introduce in this paper is much better than the ad hoc definitions in ||] and 
1^ because we work here within the framework of the algebraic quantum group {A, A). 

Proposition 4.1 There exist a unique analytic unitary representation w on A such that w^i = S. We 
define S^- — w^iz for z g C. 
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Proof : We know already that S'^ 7r„(A) C 7r„(A) for y G C. 

It is then not very difficuh to prove the existence of a mapping w fromC into M{A) such that 7r„(wj, a) = 

7r„(a) for y G C and a G A and such that w* ~ W-y for y G C. 
Then it easy to check that 

1. Wo = 1 

2. We have for every s, i G IR that Ws+t — Wg wt- 

Take lo G A. Then there exists a,b,c € A such that to = ahipc* . 

We know that the 7r„(a) is analytic with respect to This means that the mapping C Au : y ^ 
(5Jf 7r„(a) is analytic. This gives us that the mapping C — >C : y t-^ fuiT^uic)* [5^^ 7r„(a)) 7r„(6)) is analytic. 
But we have for every y G C that 

<P« (tTu (c) * ((5J,^ 7r„ (a) ) 7r„ (6) ) = (p„ (7r„ (c) * 7r„ ( a) 7r„ (6) ) = (7r„ (c* a6) ) = cj ( ) 

so the function C C : y i-^ ^{wy) is analytic. 

So we get by definition that w is an analytic one-parameter representation on A. Proposition 12.11 of |9| 
gives us that w-i —6. ■ 

Notice that we have also proven the following characterization for powers of 5. 
Proposition 4.2 We have for every z G C and a G A that tTu{S^ a) = 7Tu{a) for a G A. 

So we have in particular that 7r„ ((5** a) — 7r„ (a) and 7r„ (a (5'* ) ~ 7r„ (a) (5^* for a G ^ and < G R. 

We will quickly recall the basic calculation rules for powers of 6 (which are immediate consequences of 
the results of the previous section). 

Proposition 4.3 We have the following calculation rules : 

1. 5° = 1 and 5^ =5 

2. We have for y, z G C that 5y+'' = 5^ 

3. We have for z eC that {S')* = S~ 

4-. Consider z gC Then is invertible in M(A) and {S^')^^ — 6^^ . 

5. Consider i G R. Then (5** is a unitary element in M{A). 

6. Consider i G R. Then (5* is a self adjoint element in M{A). 

Remark 4.4 Let f be a real number. Then (5* is positive in the sense that (5* = 5^ 6^ where (5^ is self 
adjoint. 

We have also the following analyticity property. 

Result 4.5 We have for every uj Q A that the function^ — > C : z ^ lj{5^) is analytic. 

By proposition 12.2 of we know that 7r((5u) = (5-r. Hence we get that 7r(5^) = 5^ for z G C. This 
implies then easily the next proposition. 
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Proposition 4.6 We have for every z S C and a e A that TTr{6^ a) — 5^ TTr{a) for a € A. 

So we have in particular that 7rr((5** a) — 5f 7r„(a) and Tir{a (5**) = 7rr(a) 5^* for a £ A and t G IR. 

In the next part of this section, we are going to pull down the other objects (T„, ti^, t„ and Ru to the 
algebra level. 

By result 12.8 of we get for every i e R that 

Proposition 4.7 Consider i G R. T/ien we /laue the equalities 

{(Tu)t{Tiu{A)) = 7r„(A) «)t(7r„(A)) = 7r„(A) (Tn)t(7r„(A)) = 7r„(A) 

Proof : Take s e R. 

Choose a ^ A. Because ^ 0, we get that e«(cr„)s ^ 0. Hence the density of tIu{A) in A„ implies the 
existence of 6 e A such that eu{{<yu)s{'^u{b))) — 1- 

Now there exist pi, . . .,p„, gi, ...,(?„ e A such that A(a)(l ® &) = X)"^! P« 
Then 

n 

A„(7r„(a)) (1 ® TTu{h)) = ^ 7r„(K) ® 7r„(q,) (*) 

By result 9.4 of we know that ((t„)s ® (cr„)s)A,( = A„ {(Ju)s- So if we apply (t„)s (crM)s to the 
equation above, we get that 

n 

A„((cr„)s(7r„(a))) (l ® (cr„)s(7r„(&))) = ^(T„)s(7r„(pi)) » (a-u)s(7r„(q'i)) 

i=l 

If we now apply t (8) to the equation above and use the fact that {l ® £u)^u — we see that 

n 

{Cfu)s{'^u{a)) = '^{Tu)s{'^u{Pi)) £u{{cru)s{T^u{qi))) 
i=l 

which implies that 

n 

{{tu)-s (a'«)s)(7r„(a)) =^7r„(pi) £„((CT„)s(7r„((ji))) 

i=l 

So we see that {{tu)-s (cr„)s)(7r„(A)) C 7r„(A). (a) 

We have also the equality ((cr(j)s (t„)_s)A„ = A„ (cr(j)s (result 10.16 of Q). This gives us in a 
similar way that ((t„)s ((T(j)s)(7rtj(A)) C 7r„(A). So by the remarks before this proposition, we get that 
{{tu)s (CT„)s)(7r„(A)) C TTu{A) which implies by that ((cr„)s {tu)s){t^u{A)) C 7r„(A). (b) 

Therefore (a) and (b) imply that (a-u)2s{T^u{A)) C ttjj^{A). 

As a consequence, we have for every r ^ R that ((T„)r(7r,((yl)) C 7r„(A). This implies for every r e R 
that {au)r{T^u{A)) = 7r„(A). 

Combining this with equality (a), we get that (T„)r(7r„(A)) C nu{A) for r G R. ■ 

We want now to prove a generalization of this result for complex parameters. The idea behind this proof 
is completely the same but we have to be a little bit careful in this case. 

Recall from |^ that every element of tTu{A) is analytic with respect to a„, a'^ and t„. 
First we prove a little lemma. 
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Lemma 4.8 Consider 2 gC. Then (cr„)z(7r„(A)) is dense in A^. 
Proof : Choose u) G A* such that oj — Q on {(Ju)z{'^u{j^))- 

Take x G 7r„(yl). Define the analytic function / froniC into C such that /(c) = ijj{{au)c{x)) for c gC. 
We have by the previous proposition for every i G R that (cr„)t(a;) belongs to 'Ku{A), which implies that 
w((o-«)z((o-«)t(a;))) = 0. Hence f{z + t) = w((cr„)^+t(x)) = t^((crn)z((cr„)t(a;))) = for i G R. 
This implies that / = 0. In particular, llj{x) = /(O) = 0. 
So the density of 7r„(A) in Au implies that lo — 0. 

Therefore Hahn-Banach implies that {(Tu)z{t^u{A)) is dense in Au- M 



Lemma 4.9 Consider z gC and A. Then [a'^zij^u{o)) — {Pu)z(t^u[S^''' o-^ '^))- 

Proof : We introduce the one-parameter representations L, i?, Q on A^ such that 

U ix) = X Rt {x) =x8^' Bt{x)= 8t X J"^* 

for X G Au and t G R. 

Then L and R commute and Qt — Lt Rt for t G R. This implies that Rz C 6z (see e.g. proposition 3.9 
of§). 

We know that 7r(a) G D{Rz) and that Rz{tTu{o)) = '^u{a S^''^)- This implies that Rz{TTu{a)) G D{Lz) and 
that Lz{Rz{TTu{a))) — t^u{Su O'^u'^)- we get that 7r„(a) G D{9z) and that 9z{TTu{a)) — T^ui^u O'^u'^)- 

We have moreover that au and 9 commute and that {a'u)t = {(Ju)t for all i G R. This implies again 
that {au)zOz C {a'u)z- Therefore «),(7r„(a)) = (a„), (0,(7r„(a))) = (a„),(7r„(,5*^ a r^^)). H 

This lemma implies immediately the following one. 

Lemma 4.10 Consider z gC. Then {au)z{''^uiA)) = (a-(,)2(7r„(A)). 



Now we are in a position to prove a generalization of proposition 4.7. 
Proposition 4.11 Consider z gC. Then we have the equalities 

(cru).(7r„(A)) = TTu{A) {a'Jz{TTu{A)) = TTu{A) {Tu)zMA)) = TTu{A) 

Proof : Take y G C. 

Consider elements ai, 61, 6„j G A and pi, . . gi, . . ., g„ G ^ such that the equality 

J2t, A(a,)(l ® 6^) = E]Li Pj ® Ij holds. Then 

7n n 

At,(7r„(aj)) (1 (g) 7r„(6j)) = ^7r„(pj) ® 7r„(gj) 
We have now the following two analytic functions : 

m 

C ^ yl„ ® A„ : c i-> ^ A„((CT„)c(7r„(ai))) (l ® (cr„)c(7r„(6,))) 

i=l 
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and 

n 

C ^ A„ ® A„ : c i-^ ^{tu)c{t^u{Pj)) ® (CT„)c(7r„((jj)) 

i=i 

These two functions are equal on the real line : we have for every i e R that 

m m 

^A„((CT„)t(7r„(a,))) (1® K)t(7r„(6,))) = (cr„)t) (An(7r„(a,))) (l K)t(7r„(6,))) 

4=1 1=1 

m n 

= ® (cr„)f)(A„(7r„(ai))(l (g) 7r„(&i))) = ^(T„)t(7r„(pj)) (o-«)t(7r„(q'j)) 

i=i j=i 

So these functions are equal on the whole complex plane. Hence, 

m n 

^ A„((CT„)y(7r„(aj))) (1 ® i<Ju)yi'^uibi))) = XI (^"^^^^'^^'^^'j)) ® 
i=i j=i 

Applying l® Su to this equation and using the fact that {i ® £u)A„ ~ t gives us now that 

m n 

i=l J=l 



Because ((T„)y(7r„(yl)) is dense in Au (lemma 4.8) and £„ ^ 0, we get the existence of e £ A such that 
eti((o'„)y(7r„(e))) = 1. Combining this with the fact that A(A)(1 ® A) = Aq A and equation (*), it is 
not very difficult to see that (CT„)j^(7r„(A)) — {Tu)y{'Ku{A)). (a) 

Using the equation {{(y'u)t ® {Tu)-t)^u — A„ {u'^)t for every t e R, we get in a similar way that 
{^'u)-y{'^u{A)) = (T„)y(7r„(A)) which implies that (a-„)_j^(7r„(A)) = (T„)j^(7r„(A)) by the previous lemma. 

From (a) and this last equality, we get that (cr„)j,(7r„(A)) = ((T„)_j^(7r„(A)). 

Take v G 7r„(A). By the previous equality, there exists an element w G 7r„(j4) such that {au)y{v) — 
{(Ju)-y{w). Because {(Ju)-y = this implies that ((T„)y(w) £ D{{(7u)y) and (cr„)y ((cr„)j,(v)) = w. 

Hence (cr„)2y(w) = w G 7r„(A). 
Consequently, (o-„)2y (7r„(A)) C 7r„(A). 

So we get that {(Tu)z{'^u{A)) C 7rK(A). Combining this with (a), we get moreover that {tu)z{t^u{A)) C 
nu{A). m 



Corollary 4.12 We have that i?„(7r„(A)) = 7r„(A). 

Proof : We know by theorem 9.18 of § that i?„((T„)_^ (7r„(a))) = 7r.„(5(a)) for every a G A. Therefore 
the previous proposition implies that i?„(7ri,(A)) = 7r„(A). H 



These results imply that al the objects associated to the C*-algebraic quantum group (A„, A„) can be 
pulled down to the algebraic level. The first (and typical) result is contained in the next proposition. 

Proposition 4.13 There exists a unique analytic one-parameter group a on A such that U-i = p. 
We have moreover that 7r„ ((72(a)) — {<yu)z{'^uio,)) for every a E A and z gC 
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Proof : By proposition 4.11 , we know that (cr„)z(7r„(A)) = 7r„(A) for every z G C. 

This imphes that we can define a mapping a from C into the set of mappings from A into A such that 

T^u{pz{o)') — {pu)z(j^u[o)') for every a £ A and z G C. Then we get immediately that 

1. We have for every z e C that is a homomorphism on A. 

2. We have for every t e R that at is a *-automorphism on A. 

3. We have for every s, i G R that ag+t — cts at- 



Choose z e A. Then 7r„(a) G D{{au)z) n M^^^ and (cr„)2(7r„(a)) = TTu{a-z{a)) G A^i^„. 
Because (pu is invariant under ct„, this imphes by proposition 2.14 of that 

VuiT^uia)) = yyu{{cru)z{T^uia))) = V'u(7r„(cr^(a))) 

which imphes that (p{a) — ip{az{a)). 

Take a G A and w G A. Then there exist b,c ^ A such that — c(pb* . 

We know by proposition 8.8 of that TTu{a) is analytic with respect to (7„. This implies that the function 
C Au : z i-^ {<7u)z{'^uio-)) is analytic. Hence the function C — > C ; z i"> (puiT^uib)* (o'M)z(7rii(a)) 7r„(c)) is 
analytic. 

But we have for every z G C that 

PuiT^uib)* (fT«)z(7r„(a)) 7r„(c)) = (y5„(7r„(6)*7r„(a-^(a))7r„(c)) 
= (Pu{'^u{b*crz{a)c)) = 93(6*0-^(0)0) = a;(crz(a)) 

So the function C — > C : z i~> u!{(Tz{a)) is analytic. 

Hence we get by definition that a is an analytic one-parameter group on A. 

Using proposition 8.8 of we see that <T_i = p. H 

We call a the modular group of the left Haar weight. 
We have also proven the following result. 

Result 4.14 We have for every z G C that pa^ — p>- 



There exists a canonical GNS-construction (i7, A„ , tt) for the weight tp^ such that 7r„ {A) is a core for A„ 
and A„(7r„(a)) = A(a) for a G A (see definition 10.2 of ||^ and theorem 10.6 of [^). 

Denote the modular operator of by V and the modular conjugation of pi^ by J (both with respect to 
this GNS-construction). 

Then these objects are completely characterized by the following two results. 

Result 4.15 Consider z G C. Then A{A) is a core for V*^ and that V*^A(a) ~ A{(Tz(a}) for ever a G A. 

Proof : We have for every i G R. and a £ A that 

V"A(a) = V'*A„(7r„(a)) = A„((a„)t(^4a))) = A„(7r„(at(a))) = A(at(a)) 
The result follows now from result ^.9\ M 



Corollary 4.16 We have for every a £ A that JA{a) = A((Ti (a)*) 
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By the remarks after definition 8.4 of we know that n {au)t — (fr)* tt for t G R. Consequently, 
TT (o'ti)z C (tTr)z TT for z G C. So we get easily the next result. 

Proposition 4.17 We have for every z SC and a & A that (crr)z(7rr(a)) = TTricTzia))- 



Completely similar to proposition 4.13, we have the next results. Remember that we have proven in 
corollary 7.3 of the existence of a unique strictly positive number ly such that ip^ (tt-)* — v*' ip^ for i G R. 
Proposition 9.19 of ||], proposition 8.17 of j5| and proposition 8.20 of imply that (fr)* = * ^^r for 
t e R. 

This gives us also that ip^ iTu)t = and that {(Ju)z — Lpu for every t G R. 



Proposition 4.18 There exists a unique analytic one-parameter group a' on A such that <j'_^ ~ p' . 
We have moreover that 7r„(cr^(a)) = {ij'^)z{'Ky^{a)) for every a ^ A and z gC 

We call a' the modular function of the right Haar functional. 



Result 4.19 We have for every z G C that pa'^ = v ^ (p. 



Proposition 4.20 We have for every a € A and z G C that TTricr'^ia)) = {a'^)z{T^r{o)) ■ 



In the next part, we pull down the polar decomposition of the antipode to the algebra level. The proof 



of the next proposition is completely similar to the proof of proposition 4.13 



Proposition 4.21 There exists a unique analytic one-parameter group t on A such that r^i = S'^ . We 
have moreover that TTu{Tz{a)) = (T,j)2(7r„(a)) for every a G A and z gC. 

We call r the scaling group of {A, A). 



Result 4.22 We have for every z G C that ipTz ~ ip. 



Proposition 4.23 We have for every a € A and z G C that Trr{Tz{a)) = {Tr)z{T^r{a)). 



Now it is the turn of the anti-unitary antipode Ru to be pulled down. This is possible thanks to corollary 
112 

Definition 4.24 We define the mapping R from A into A such that 7r,((i?(a)) = i?„(7r„(a)) for a G A. 
Then R is a * -anti- automorphism on A such that R^ — l. 

We call R the anti- unitary antipode of {A, A). 

We know by §] that Rr TT ~ TT Ru which gives us, as usual, the next result. 
Proposition 4.25 We have for every a E A that TTr{R{a)) = Rr{TTr{a)). 
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In the rest of this section, we will prove the most basic relations between the objects introduced in this 
section. In most cases, the proofs consist of pulling down the corresponding relations on the C*-algebra 
level. We will make use of the results on the reduced C*-algebra level because they were proved before 
the results on the universal level (in fact, most of the latter results depend on the results on the reduced 
level). 

First we describe the polar decomposition 

Result 4.26 We have for every z G C that Rtz — R. 

Proposition 4.27 We have that S = Rt_±. 

2 

These are immediate consequences of corollary 5.4 of and theorem 5.6 of 1^. 

Corollary 4.28 We have the following commutation relations : 

1. We have for every z £ C that S = S t^. 

2. We have that RS = SR 

By corollary 7.3 of we know that (crr)s (''"r)* = (■'"r)t {<^r)s for s,t G R. This will be used to prove the 
next result. 

Result 4.29 We have for every y, z E<C that Ty — cTz Ty. 

Proof : The remarks before this result imply easily that at Ts = Tg at for s, t £ R. 
Take a,b ^ A. 

Fix i e R for the moment. Then we have two analytic functions 

G ^ G : u ip{a ^t{b) Tu{a)) and C —> C : m i-^ (y9(r_u(6) 0-4(0)) 

These functions are equal on the real line : we have for every s G R that 

ip{a-.t{h)Ts{a)) ^ ipipatiTsia))) ^ Lp{bTs{at{a))) ^ ip{T^s{b) at{a)) 
So they must be equal onC. In particular ip{a-t{b) Ty{a)) — Lp{T-y{b) at{a)) . (*) 
Now we have again two analytic functions 

C C : M 1-^ (y9((T_.u(6) Tj,(a)) and ^ : u v"^ ip{T^y{b) au{a)) 

which by (*) are equal on the real line. So they must be equal on the whole complex plane. In particular, 
ip{a^z{b) Ty{a)) = Lp{T^y{b) az{a)). This gives us that 

ip{bTy{a:,{a))) ^ ip{T^y{b)az{a)) = ip{a^z^{b) Ty{a)) ^ ip(bay{Tz{a))) 

Hence the faithfulness of (p implies that ay Tz — Tz ay. M 

Now we prove some relations in connection with the comultiplication. 
Proposition 4.30 Consider z gC Then we have the following equalities : 
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• (T^0T^)A = Ar^ 



Proof : We only prove the first equality. The others are proven in the same way. 
Choose a G A. Take b e A. 

By proposition 5.7 of Q, we have for every < £ II that 

{■Kr 7r^)(A(Tt(a))(rt(6) 1)) = A(7r^(rt(a))) {TTrinib)) ® 1) = A((r,,)t(7r^(a))) ((r^)t(7r,.(6)) 1) 
= ((Tr)t (T^)t)(Ar(7r^(a))) ((T^)t(7r^(6)) ® 1) = ((t^)^ (T^)t)(A^(7r^(a)) (7r^(&) ® 1)) 
= ((Tr)t <S> {Tr)t){{nr 7r^)(A(a)(6 1))) = (tt^ 7r^)((Tt Tt){A{a){b 1))) 

which implies that 

A(n(a))(n(fe) 1) = (n T0(A(a)(6 1)) (*) 
Choose p,q E A. Then we have two functions 

(C^€:y^{^Q 'f){{l(»p)A{q)A{Ty{aj){Ty{b) 1)) 

and 

<C^€:y^{^G (^) ((1 p) A(g)(Tt Tt){A{a){b 1))) 

We see immediately that the second function is analytic. Because ((^0(y9)((l0p)A(g)A(rj,(a))(Tj,(6)0l)) = 
tp{pTy{b)) ip{qTy(a)) for y G A, also the first function is analytic. 

We know by (*) that both functions are equal on the real axis, so they must be equal on the whole complex 
plane. In particular, ((^0(/?)((l0p)A(g)A(r^(a))(T^(6)0l)) = ((/70v3)((l0p)A(g)(T^0r^)(A(a)(60l))). 
Hence the faithfulness of (p implies that 

A{T,{a)){T,{b) 1) = (r, T,)(A(a)(6 1)) = (r, r,)(A(o))(T, (6) 1) 
So we see that A(r^(a)) = (r^ T^)(A(a)). 

■ 

The next equality is proven in the same way as equality (*) in the first part of the previous proof. 
Result 4.31 We have that AR = x{R R)A. 

By the above equalities and the unicity of the co-unit on {A, A), we get the following results. 
Corollary 4.32 Consider z sC. Then er, = e. 

Corollary 4.33 We have that eR = e. 



In the next part, we look at some formulas involving the modular function S. 
The first one says that every 5^ is a one-dimensional corepresentations of {A, A). 

Proposition 4.34 We have for every z G C that A((5^) = (5^ 5^. 
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Proof : Take a,b€A. 

Then we have by proposition 8.6 of for every t e R that 

{TTr TTr){A{S'*) A{a){b ® 1)) = (tt^ 7r^)(A(<5** a){b ® 1)) = A^(7r^(A((5'* a))(7r^(6) ® 1) 

= AriSl* TTr{a)){TTr{b) 1) = (J^* S^') ^,)(A(a)(fe 1)) = ^,)((<5** (5**) A(a)(fe 1)) 

which imphes that 

A{S'') A{a){b 1) = ((5'* (5'*) A(a)(fe 1) (*) 
We have now two functions 

C^C-.u^ {(p& 9?)(A(^™) A{a){b 1)) 

and 

€-^(D:u^ {ifiQ ip){{S''' (5^") A(a)(& 1)) 

The second function is clearly analytic. Because {(p (p){A{S^'^) A{a){b 1)) = (p{6^" a) (p{b) for u £ A, 
also the second is analytic. Furthermore, (*) implies that both functions are equal on the real line. 
So they must be equal on the whole complex plane. In particular , {ip (p){A{5^) A{a){b 1)) = 
(V3 0(^)(((5^0(5^)A(a)(6 0l)) 

Hence the faithfulness of (p implies that A{d'') A{a){b 1) = {S^ S^) A{a){b 1) 

So we get that A{6^) = 5^. ■ 
Corollary 4.35 We have for every z G C that e{S^) = 1 and S{5^) — . 



Result 4.36 Consider y,z eC. Then a^iS^) = j/"?'^ and t^{S^) = 5^" . 
Proof : Choose a € A. 

Take teH. By proposition 8.17 of [D, we know that {ar)tiSf.) = i^^^* S^. This imphes that 

TTriatiSy a)) = {ar)t{7Tr{Sya)) = (a,)t(<5;^7r,(a)) 

= {(Tr)y{6^.) (crr)t(7rr(a)) = v'^* TTr{crt{a)) = ly^y* TTriS"^ o-t(a)) 

which implies that at{6y a) = I'-v* 5^ at{a). (*) 
Take to £ A. Then we have two analytic functions 

C^C:ct-^w(CTc((5"a)) and <C ^ € : c ^ ly-y" LoiS^ ac{a)) 

which by (*) are equal on the real line. So they must be equal on the whole complex plane. In particular, 
uj{a,{6y a)) = v^y- uj{6y (J^{a)). 

Hence we get that a^{5y a) = v-^- 6y cr,,{a), so (T^{5y) <T^{a) = i^-^^ 6y (J^{a). 

So we see that az{Sy) = v^y^ Sy. The equality concerning r is proven in the same way. H 



Combining the result concerning t with corollary 4.35 and proposition 4.27 , we get the following one. 
Result 4.37 Consider z eC. Then RiS"^) ^ S-\ 

Definition 9.2 of Q implies for every z e C that {(t'^)z = Rr (o'r)-z Rr- So we get the next result. 
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Result 4.38 Consider z e C. Then a'^ = Ra^,^ R = Sa-^ = 5"^ ct-^ S. 



Lemma 4.9 implies now the following formula for a' . 



Result 4.39 We have for every z G C and a G A that a'^{a) = 5'^ <Jz{o.) 5 

We end this section with some remarks concerning the right Haar functional on (A, A). Recall that we 
have a right Haar functional LpS on {A, A) but we do not know (yet) whether LpS is positive. By the 
formula x{R © i?)A — AR, we have however the following proposition. 

Theorem 4.40 The functional ipR is a positive Haar functional on (A, A). 

Because S = R, we have moreover that (pS — v^^ ipR, 

Because LpS = 5lp, we have also that (p{R{a)) = ip{6i ad^) for a G A. 



5 The analytic structure of the dual 

In this section, we will connect the alytic objects associated to the dual of an algebraic quantum groups 
to the analytic objects of this algebraic quantum groups. 

So consider an algebraic quantum group {A, A) with a positive left Haar functional on it. As in the 
previous section, we will use the notations a for the modular group of the left Haar functional, a' for the 
modular group of the right Haar functional, r for the scaling group and R for the anti-unitary antipode. 

The corresponding objects on the dual quantum group {A, A) will get a hat on them, e.g. a will denote 
the modular group of the left Haar functional on {A, A). 

First we start with the modular group of the dual quantum group (^,A). (Similar results are also 
considered in |]l0| ). 

We will introduce first a temporary notation. Consider uj G M{A). Then we define ojz G A' such that 
ujz{o.) = oj{Tz(a) (5^*^) for a ^ A. 

Lemma 5.1 Consider z gC and a E A. Then 

iLUz&i)A{a)=T^z{[{ujQi)A{Tz{a)d-'')] S'^) and (t w,) A(a) = ( [(i cc-) A(T,(a) ^-^^)] S'') 

Proof : Take b E A. Then we have that 

[{lOz L)A{a)] 6 = (w, i)(A(a)(l b)) ^ {lo & l){{tz 0(A(a)(l b)) (r*^ 1)) (*) 
Using proposition 4.30, proposition 4.34 and result 4.36| , we see that 



(r, 0(A(a)(l b)) {S-^^ 1) = (i T_,)(A(T,(a)) t,(6))) 

= (. T_,)(A(T,(a) 6-") (1 S''- T,(6))) = (. T_,)(A(T,(a) 6'") (1 Tz{6''b))) 

So by applying a; t to this equation and using (*), we get that 

[(a;, t)A(a)] b = t_,((u; 0(A(r,(a) S'") (1 Tz{5''- b)))) = T_,([(t^ OA(T,(a) r*^)] r^iS" b)) 
- {[{cj OA(r,(a) S-")] 5'^ r,(fe)) = t_, ([(cc> OA(T,(a) 5-'^)] 5'^) b 
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where we used result 4.36 in the second last equality. 

Consequently, {cjz /-)A(a) = T-z{[{uj t)A{Tz{a)S~'^^)] S^^). The other equality is proven in the same 
way. ■ 



Using theorem 2.12 of it is now easy to verify the next lemma. 
Lemma 5.2 Consider z eC. Then we have the following properties. 

1. We have for every uj G M{A) that G M(A). 

2. Consider u!,9 e M{A). Then {^0)^ ^uo^O^. 

Lemma 5.3 Consider z gC and uj ^ A. Then tOz belongs to A and ipitOz) ~ 'fi^) 



Proof : There exist a ^ A such that u! — ipa. 



Result 4.36 and corollary 4.28 imply that ipTz = v^^j. Results 4.39 and 4.36 imply that a[{5 

So we have for every x ^ A that 

u:z{x) = {^a){Tz{x)5-'')=ij{aTz{x)5-'')^i;{Tz{T^z{a)x5-'')) 
= v'- i,(T^z{a)x5-''-) - i,{S''' r_,(a) x) 

So we see lOz = ipS^^'^T^zio-)- This implies that ujz (z A and that 

(p{LUz) = e{S''^T^z{a)) = e{a) = (p{uj) 



Lemma 5.4 Consider uj G A and a £ A. Then the fuctionC : z i— > LOz{a.) is analytic. 
Proof : There exist b,c,d E A such that uj = bc(pd* . 

We know that 7rr(a) is analytic with respect to and that nr{b) is analytic with respect to Sr- This 
implies that the function C —>■ Ar : z >—>■ (Tr)z (71^(0)) (5~*^ T^rib) is analytic. So the function C — > : z »— > 
(firiT^rid)* (Tr)^(7rj.(a)) TT^ (fe) TT^ (c) ) is analytic. 
But we have for every z e C that 

ipriTTrid)* (Tr)2 (tT^ (fl)) (5^'^ TT^ (fe) TT^ (c) ) = (yS^ (TTr (d)* TT^ (t^ (a))7rr ((5"*'' 6)vr,.(c)) 

= (pr{Trr{d*Tz{a)S^'''bc)) = ip{d*Tz{a)S^^^bc) = uj{az{a)) 
Hence the function C -^C : z t-^ oj{az{a)) is analytic. H 



Proposition 5.5 We have for every ut £ A, a £ A and z £ C that d-z{iLj){a) — LLj{Tz{a) S *^). 

Proof : Define the function f3 from C into L{A) such that Pz{<-^) = for z £ C and uj £ A. Then we 
have the following properties. 

1. It is clear that /3q — i. 



24 



2. Choose s,t e R. 

Take uj ^ A. Then we have for every a G A that 



implying that Ps+ti^)- 
So we have proven that /3s P-t — Ps+t- 



3. Lemma 5.2 imphes that Pt is muhipUcative for every t e R. 

4. Choose t e R. 

Take uj E A. Then we have for every a G A that 



^u;{{S^*S{n{a))r)=u;iS{n{a)S-^*)*)=Lu*{n{a)S^') - [Pt{cJ*)]{a) , 
implying that [/3t(w)]* = 

So we have proven that Pt preserves the *-operation. 



5. Lemma 5.3 implies that ip is invariant under Pt for every t e R. 



6. Choose b E A and cu E A. Then there exist a E A such that b{9) = 0{a) for 6 € A. So we have for 
every z £ C that b{Pz{uj)) — Pz{uj){a) — ujz{a)) which implies that the functionC C : z i— > 



is analytic by lemma 5.4 



So we can conclude from this al that P^ is an analytic one-parameter group on A. 



Choose a G A. Lemma 2.8 of |g] implies that ai{'tpa) — 'ipSS^{a). We know by the proof of lemma 5.2 
that (V'a)i = i'5S'^{a). So we see that ai{'ij;a) = Pi{^m). 



Hence ct^ = Pi which by proposition 2.11 implies that a — P 



The next result follows now immediately from lemma 5.2 



Corollary 5.6 We have for every uj G M{A), a E A and z G C that az{uj){a) — u!{Tz{a) 6 *^). 

The proof of the next result is completely similar (an easier) to the proof of the previous proposition. It 
is a consequence of the fact that S'^{u!) = ujS'^ for u; E A. 

Proposition 5.7 We have for every ui G M{A), a E A and z G C that fz{uj) — ujTz. 

Combining this with the fact that R — S t±, we get easily the following on. 
Corollary 5.8 We have for every uj G M(A) that R{uj) = ujR. 

Remembering that a'^ — R(T-z R, it is now easy to check the next equality. 

Corollary 5.9 We have for every a G A, a; G M{A) and z gC that {a'^){uj){a) = cj((5-*^ T_^(a))) 
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In the last part of this section, we look a little bit further into the modular function 6 of the dual and 
connect it with the modular group a and the antipode e. 

Lemma 5.10 We have that eoz = ec^ for z gC. 

This follows from the fact that ^^(a) — (5'^ <Jz{a) 5^^^ for a £ A and the fact that e(5'^) = 1. 
Result 5.11 Consider z eC. Then ea^ belongs to M{A). 



Proof : Choose a E A. By using proposition 4.30| , we see that 



(i ecr^)A(a) = (r_^ £)A(cr^(a)) = T_^(cr^(a)) 
So we get that (i e<7z)/S.{a) E A. 

Using the fact that eaz — ea'^ and proposition 4.30 once again, we get in a similar way that (ecz 1) A(a) 



belongs to A. Hence theorem 2.12 of Q implies that £<7z G M{A). 

We introduce again a temporary notation. Define the mapping u fromC into M{A) such that ~ £cr^ 
for every z S C. 

Recall from the proof of the previous lemma that (i Uz)^{a) — Tz{a-z{a)) for z 6 C and a E A. 
Lemma 5.12 The mapping u is an analytic unitary representation on A. 

Proof : 

1. It is clear that uq — 1. 

2. Choose s,t E A. Take a E A. By the proof of the previous result, we know that (i ut)A(a) 
Tt{a-t{a)). This implies by theorem 2.12 of Q that 

{usUt){a) = ut)A(a)) = e((T_s(Tf(cr-f («)))) 

= e{Tt{a-s{<J-t{a)))) = e{(j_(^s+t){a)) = Us+t{a) 

So we see that Ug+t = UgUt- 

3. Choose t e R. Take a e A. Then 



u;{a) = ut{S{a)*) = s{a.t{Siar)) = e{a.t{S{a))) = e(5(a;(a))) = e(a^(a)) = u^t{a) 
So we get that Uf = U-t- 

4. Choose a e A. Then there exists cu G A such that a = ui a. We know that their exists b € A such 
that a{6) = 6{b) for every 9 G A. Define c = (i w)A(6) G A. Recall that 7r„(c) is analytic with 
respect to cr„. 

We have moreover for every z S C that 

a{uz) = a{uzuj) = {u^uj){b) = Uz{{i t^)A(6)) = Uz(c) = e„((CT„)z(7r„(c))) 
which implies that the function C : z i-^ a{uz) is analytic. 
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Lemma 5.13 We have that u^i — 5. 



Proof : Take 9 ^ A. Then there exist a G A such that 9 — ipa. 
So we have for every x £ A that 

{9Sp-'){x) - i:{aS{p-\x)))^yj{ap'{S{x)))^^/j{S{x)a) 

= ip{S{x)a6) = 'fi{S{d-^S-\a)x)) = t/jiS-^ S~\a) x) 

So we see that 9Sp^^ = ijjS^^ S^^{a) which imphes that 

0{9Sp-') = e{5-'S-\a)) - e{a) = m (*) 

Choose uj £ A. Then we have for every x £ A that 

{uju^i){x) = uj{{l u^i)A{x)) = LL![T^i{ai{x))) = uj[S'^{p~'^{x))) 
so we get that uu-i — ujS^p^^ = {ujS)Sp^^. Therefore equation (*) gives us that 

(p{uju-i) — (p{{ujS)Sp^^) — (p{ujS) — tp{S{uj)) 

This imphes that u_i — 5. 



Proposition 4.1 imphes now immediately the next proposition. 



Proposition 5.14 We have for every z eC that 6^^ = ea. 



In the last part of this section, we will prove a connection between S and the modular functionals 
introduced by Woronowicz in lIS]. 



Lemma 5.15 Consider a £ A and z G C Then 

1. (ea, 0/,©ea_,)A(2)(a) = J-r2.(a),5-*^ 

2. {ea,_ t eCT2)A(2)(a) = a2z{a) 5"'^ 



Proof : In this proof, we will make use of proposition 4.30 and result 4.39. 
1. We have that 

(eo-^ i £cr_^)A(^)(a) = (ea^ t ecr-^)((t A)A(a)) = (ea^ T,a-z)/^{a) 



2. And similary. 



(ea^ L ecr^)A(2)(a) = (ea^ l ecr^)((t A)A(a)) = (etr^ T_^CT^)A(a) 
= (ecr^ (T,T_^)A(a) = cr^((TUa)) = cr2z{a) d~" 



In theorem 5.6 of 1 18 , Woronowicz introduced for a compact quantum group the linear functionals fz G A' 
for every complex number z. The above lemma guarantees that they are connected with the modular 
function 6. 
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Result 5.16 Suppose that {A, A) is a compact algebraic quantum group. Then we have for every z SC 
that 6^ — f-2z- 



Proof : Recall that (5 = 1 in this case. 

Because A has a unit, theorem 2.12 of |^ implies immediately that M{A) = A' . So we get for every z S C 
that fz belongs to M{A). Define the function v fromC into M{A) such that Vz — f-2iz for z eC. Then 
theorem 5.6 of implies immediately that v satisfies the following properties : 

1. vo = l 

2. We have for every s, i G C that Vg+t = VgVt- 

3. We have for every t G IR that v^ = v^f 

4. Consider lo ^ A. Then the function C ^ C ; z ^ ^{vz) is analytic (remember that A = A). 
So V is an analytic unitary representation on A. 

Theorem 5.6 of implies also that /i is invertible in M{A) and that (/i)^^ ~ f-i- 
Choose oj E A. 

Take a G A. Then item 5 of theorem 5.6 of and the previous lemma imply that 

(A t /-i)A(2)(a) = S\a) = r_,(a) = {ti l Si)A^^Ha) 

So by applying uj to this equality, we get that (/i cj /_i)(a) = {S^^ u!Si){a). 
Hence /i oj /_i = lo (52 , which implies that 6^ fiui — uj 6^ fi. (a) 

Item 6 of theorem 5.6 of implies that /i * a * /i = p{a) for a G A. Combining this with the previous 
lemma, we get in a similar way that fiLu fi — S^^ uj 6^'^ which implies that fiuj — lu 5~2 f_^_ (b) 

Combining (a) and (b), we get that loS^ fi = uj5^^ 

So we see that 5^ fi — S^^ /_i which implies that 6 = f-2- Consequently, w_i = 6. 

Therefore proposition 4.1 imphes for every z G C that 6^ — V-iz — f-2z- ■ 
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